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ABSTRACT. The theory of critical distances (TCD) has been applied to predict notch-based fracture and fatigue 
in a wide range of materials and components. The present paper describes a series of projects in which we 
applied this approach to human bone. Using experimental data from the literature, combined with finite 
element analysis, we showed that the TCD was able to predict the effect of notches and holes on the strength of 
bone failing in brittle fracture due to monotonic loading, in different loading regimes. Bone also displays short 
crack effects, leading to R-curve data for both fracture toughness and fatigue crack propagation thresholds; we 
showed that the TCD could predict this data. This analysis raised a number of questions for discussion, such as 
the significance of the L value itself in this and other materials. Finally, we applied the TCD to a practical 
problem in orthopaedic surgery: the management of bone defects, showing that predictions could be made 
which would enable surgeons to decide on whether a bone graft material would be needed to repair a defect, 
and to specify what mechanical properties this material should have.  
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INTRODUCTION 
 
he critical distance approach is now well established as a method for the prediction of fatigue and fracture, and is 
being used extensively both in research and in engineering design. A recent book [1] describes the approach in 
detail. It is applicable for predicting failure in bodies containing notches or other stress concentrations, in 
situations where the mechanism of failure is one involving cracking. It has been employed by many workers for the 
solution of problems which can be described as essentially linear-elastic, i.e. problems in which any non-linear material 
behaviour (due to plasticity or damage) is localised in a small process zone: in this respect it has been used to predict 
brittle fracture and fatigue in all types of materials: metals, polymers, ceramics and composites. The history of this type of 
use goes back more than fifty years: more recent work has shown that the approach can also be applied to problems 
involving more extensive plasticity, such as low and medium-cycle fatigue and the static fracture of tough metallic 
materials. 
The present paper is concerned with the application of these methods, hereafter referred to as the Theory of Critical 
Distances (TCD), to the prediction of a number of fracture problems in a particular material which is of interest to us all: 
human bone. What follows is essentially a summary of work conducted in our research group over the last four years, 
published previously in a number of journal articles. We hypothesised that the TCD could be applied to human bone, 
because bone is a quasi-brittle, fibrous composite material whose mechanical behaviour has many similarities with that of 
two well-known classes of engineering materials, namely fibre reinforced polymers and concrete. The TCD has previously 
been applied successfully to both of these types of materials [2, 3]. The mechanism of failure in bone always involves 
cracking, and the failure process is accompanied by both plasticity (of a limited but significant extent) and damage (in the 
form of microcracks, delaminations etc). We attempted to use the TCD to predict experimental data, taken from the 
literature, on the monotonic fracture of bone samples containing cracks, notches and holes, and on the fatigue behaviour 
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of short cracks. Following the success of this work, we then applied the approach to some problems of clinical 
significance. One example of this type of work is described: the surgical management of bone defects. 
 
 
THE THEORY OF CRITICAL DISTANCES: A BRIEF INTRODUCTION 
 
hat follows is a very brief introduction to the TCD: further details are available in [1] and in many other recent 
publications. The TCD recognises the fact that, in order to predict failure arising from a stress concentration 
feature such as a notch, it is not sufficient to know the stress and strain at the notch surface, at the maximum 
stress point, often known as the “hot spot”. Rather, it is essential to have information about the stress field in the vicinity 
of the notch, because fracture processes that involve crack initiation and propagation are strongly influenced by aspects of 
the stress field in this region, such as the gradient of stress or, to put it another way, the absolute volume of material 
which is experiencing high stress. This recognises the fact that cracking-type failures require, in general, a solution of the 
type which is now generally referred to as a “non-local approach”, characterised by a physical mechanism of failure 
involving a process zone in the vicinity of the crack tip in which failure, deformation and damage processes occur. A 
variety of methods, more or less complex, have been devised to make predictions using stress and strain information in 
this critical region.  
In our most strict definition of the TCD, it consists of a group of methods which have the following two features in 
common. Firstly, the use of a linear, elastic material model for the stress analysis. Secondly, the use of a material parameter 
which has the units of length, known as the critical distance, L. The value of L cannot be known a priori; it can only be 
found by processing data from samples containing stress concentrations, tested to failure in the particular failure mode of 
interest. It is taken to represent a critical dimension in the material over which relevant failure processes occur. For 
example, in many cases it is found to be related to critical microstructural parameters such as grain size, which are known 
to control the material’s strength and toughness: this relationship will be discussed further below.  
Having stated this strict definition, it is important to point out that exceptions do occur, in which the TCD is used in 
cases where these conditions are violated. For example it may be appropriate to use a non-linear material model, and we 
have indeed done so ourselves as will be discussed below. Also, some realisations of the theory make use of a value of L 
which is not a material constant [4, 5], though these will not be considered in the present paper. 
We can define two different types of TCD methods. In the first type, predictions are made using information about the 
stress field, specifically the stress as a function of distance from the hot spot, on a line (known as the focus path) along 
which crack growth is expected to occur. The simplest example of this approach is the so-called Point Method, which 
uses only the stress at a given point, located a distance L/2 from the hot spot. Failure is predicted to occur if the stress at 
this point exceeds a critical value. A variant of this approach is the Line Method, in which the stress parameter is the 
average stress along the line, over a distance from zero to 2L from the hot spot. Area and volume averages have also been 
used, though these more complex methods do not seem to confer any more accuracy than the simple point and line 
methods. The second type of TCD method involves a modification of fracture mechanics, whereby the critical distance 
appears as the length of an imaginary crack located at the notch, or, alternatively, as the magnitude of finite crack growth 
increments [6]. Once such a modification is accepted, normal linear-elastic fracture mechanics approaches can be used. In 
what follows we will use approaches of the first type, i.e. stress-based methods, making use of finite element analysis 
(FEA) to obtain the appropriate stress fields. 
 
 
INITIAL VALIDATION: NOTCH FRACTURE DATA 
 
e obtained from the published literature three extensive sets of data on the effect of notches on brittle fracture 
in bone. All three involved tests in which monotonically-increasing loads were applied until failure occurred. 
One publication [7] was concerned with the effect of notch length for sharp notches machined in bone 
samples, whilst the other two [8, 9] reported the results of tests conducted on whole bones, loaded in bending and torsion 
respectively, containing circular holes of various sizes. We found that the TCD was able to predict all this data. Fig.1 
shows an example: the effect of hole size on failure load for bones loaded in torsion. Further details can be found in a 
recent publication [10]. At this point it may be worth pointing out that the TCD can be used with any type of applied 
loading, including multiaxial load cases, though an appropriate multiaxial failure criterion should be used. In the present 
study our criterion was simply the maximum principal stress: we have reported the use of other multiaxial criteria to 
predict fatigue and fracture in various materials, in an extensive series of previous publications (e.g. [11-13] ). 
W 
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Note in particular from Fig. 1 that  the TCD was able to predict  the fact that  small holes (hole diameter = 0.1 x bone 
diameter) have no effect on strength, a very useful finding for clinicians and one that was not predicted by other 
approaches. In the TCD approach this finding arises because if a notch is very small, the critical distance (being constant) 
becomes effectively much larger than the hole, so the stress at the critical point is similar to the nominal applied stress: 
effectively the hole has become “invisible” as far as this approach is concerned. A particularly encouraging aspect of this 
validation exercise was the fact that the appropriate value of the critical distance was found to be almost constant across 
the three sets of data. It is well known that other mechanical properties of bone, such as stiffness and strength, vary 
considerably, so we had expected that L would also vary, but this seems not to be the case: a value of 0.32-0.38mm was 
able to give good predictions throughout. 
 
 
 
Figure 1: The effect of hole diameter (normalized by bone diameter) on fracture torque (normalized by fracture torque  
for bones containing no hole), for whole bones tested in torsion, containing single transcortical  
holes of various diameters. Predictions using the TCD and two other theories. 
 
The same situation arises in fibre composite materials, which are also known to have only a small range of L values [14]. 
In those materials, strength and toughness are roughly proportional to each other over quite a wide range of values, so 
that an increase in strength (for example by increasing the proportion of fibres) confers a similar proportional increase in 
toughness. An equation can be derived which links three material constants used in the TCD: L, Kc and the critical stress 
for failure o, as follows: 
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Since L is related to the ratio of strength to toughness, it stays constant if these two properties change in a proportionate 
manner. 
The critical stress parameter defining failure in bone, o, was found to be slightly larger than the material’s tensile strength, 
u as measured from tests conducted on plain, unnotched samples. We found that accurate predictions could be made 
using a critical stress of Tu where T had a constant of value 1.33. This finding is in line with our investigations of other 
materials, in which the value of T has been found to take values close to 1.0 for brittle ceramics and composites [15], in 
the range 1.4-3 for polymers [1] and values typically greater than 3 for metals [16]. A precise interpretation of the meaning 
of the T parameter is still unclear. In considering the significance of this value it is worth noting the link between the three 
parameters of toughness, strength and L, as shown in equation 1 above.  If two of these constants are known, the third 
can be calculated, which implies that only two of these three constants are of fundamental significance. In my personal 
opinion, the two fundamental parameters are L and Kc. The value of o differs from that of u, in my view, because of 
two assumptions which we make in this analysis. Firstly, we assume that the material is linear and elastic, which of course 
it is not. It is significant that values of T become larger in materials and fracture processes involving more plasticity. 
Secondly, we assume that the mechanism of failure in a plain specimen is the same as that in a notched specimen. This is 
clearly not the case in some materials: plain specimens may fail differently due to, for example, plastic instability (necking) 
in ductile materials or the presence of pre-existing defects in brittle materials. It is interesting to note that, when we 
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conducted a different analysis of bone, to predict indentation fracture, for which a non-linear material model was needed, 
we found that T=1 [13]. 
 
 
SHORT CRACK BEHAVIOUR IN FATIGUE AND BRITTLE FRACTURE 
 
t is well known than short cracks often display behaviour which does not conform to linear elastic fracture 
mechanics. For example, the values of toughness (Kc) and fatigue threshold (Kth) for short cracks are often smaller 
than the material-constant values measured from long cracks. Data in which the measured Kc (or Kth) is plotted as a 
function of crack length are known as resistance curves, or R-curves. Figs 2 and 3 show R-curve data for bone, for brittle 
fracture and fatigue respectively, along with predictions using the TCD. In this case the analysis can be made very easily 
using the Line Method, because predictions for the case of a small crack (length a) in an infinite body can be expressed 
using the following simple equation: 
 
La
a
K
K
c
ca
           (2) 
 
 
Figure 2: Two sets of data showing the variation of measured fracture toughness as a function of  
crack length for bone along with TCD predictions. For more details see [17]. 
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Figure 3: Threshold stress intensity range for fatigue crack growth in bone, defined  
at a crack growth rate of 3-6 x 10-8m/cycle; for details see [17]. 
 
As can be seen from the figures, the predictions are very satisfactory for both types of failure, even including data for very 
small crack lengths obtained using nanoindentation experiments [18]. It should be remarked that currently there is 
considerable controversy in the literature about the validity of measuring toughness using indentation, a technique which 
has been used for brittle material for many years but which is now being seriously questioned. The interested reader may 
wish to refer to recent letters in the Journal of Biomechanics arising from the publication by Mullins et al [18]. Currently, 
indentation is one of the few options available for estimating the toughness of materials at very small length scales, a 
subject which is of increasing interest given the advent of micro and nano scale materials and devices. 
The data in Figs 2 and 3 here all refer to crack growth in the transverse direction: bone is highly anisotropic so further 
work is needed to explore fracture properties in different directions. In making these predictions we used the same value 
for L as previously obtained from the predictions of notch fracture behaviour. This implies that L takes the same value in 
fatigue as in brittle fracture in this material, at least for cracking in the transverse direction. We have previously found 
significant differences between L values for fatigue and brittle fracture in metallic materials, but similar values for a 
polymer, PMMA. In the present case the fatigue data available are relatively sparse, so further validation is needed before 
this conclusion can be stated with confidence.  
It is perhaps worth considering at this stage why bone has this particular value of L. As noted above, L values for many 
materials are often related to the size of microstructural features which control fracture behaviour. Bone has a hierarchical 
structure, displaying features at a range of size scales, especially nanometres (the thickness of reinforcing crystals of 
hydroxyapatite), microns (the thickness of lamellae consisting of crystals and collagen fibres in a composite structure) and 
hundreds of microns (the size and spacing of structural units known as osteons). A number of mechanisms operating at 
the hundred-micron scale have been identified, notably uncracked ligaments bridging the crack faces [19] and the role of 
the osteon boundary in crack arrest (O'Brien et al., 2005), in a manner similar to the grain boundary in metals. Figs 4 and 5 
show examples of these mechanisms. Ritchie and co-workers have investigated these mechanisms in some detail and have 
laid particular emphasis on the role of uncracked ligaments. They showed a definite relationship between the rising R-
curve for a given crack and the increasing number of uncracked ligaments observed as the crack extended [20]. In our 
studies on high-cycle fatigue in bone we have placed emphasis on the role of the osteon boundary, showing that the great 
majority of fatigue cracks become non-propagating when they reach the first boundary and developing relationships 
between crack length, growth rate and the proximity of this boundary [21, 22]. 
All of these various observations imply that L takes a value equal to a few hundred microns because this corresponds to 
the size scale on which important toughening mechanisms operate in this material. In fact, this turns out to be the case for 
many different materials. Fig.6 shows the value of L for various different classes of materials, plotted against the relevant 
structural parameter d. In some cases there are very clear and demonstrable relationships between L and d: for example 
we showed that L takes values very close to d in steels failing by brittle cleavage fracture at low temperatures [23]. In other 
cases the relationship is less clear but for most materials it seems that L falls between d and 10d in magnitude. There are, 
however, some important exceptions: for example amorphous polymers such as PMMA have no microstructure as such, 
and yet have L values of the order of 0.1mm. This coincides with the typical size of crazes in the material. 
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It is perhaps not surprising that there should be a relationship between L and d, since in most materials the microstructure 
plays a strong role in determining properties related to crack growth, such as toughness and fatigue behaviour. Thus, 
knowing a value of L for a particular material may shed light on the physical mechanism of failure and may give hints 
about how changing microstructural parameters could affect performance. 
 
                                                        
     (a)                          (b) 
Figure 4: Two SEM images showing cracks in bone which display bridges consisting of uncracked ligaments across the crack faces. 
Photo (a) from tests conducted in our laboratories by Stewart Mahoney; photo (b) from [19]. 
 
 
 
Figure 5: Image taken using optical fluorescence microscopy of a transverse section of bone, showing a 
 crack (C), of length approximately 100m, whose left-hand tip has stopped growing on reaching  
the boundary of an osteon (O). From [21]. 
 
Figure 6: Values of L and d in various classes of materials. 
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PRACTICAL APPLICATIONS: THE MANAGEMENT OF BONE DEFECTS 
 
 great advantage of the TCD is that it can be applied very easily to practical problems; in this respect the stress-
based methods are particularly attractive because they can be used in any situation where a stress analysis can be 
conducted using FEA or similar numerical techniques.  
Stress concentrations frequently arise in bone as a result of disease or clinical intervention. Surgeons use the terminology 
“bone defect” to refer to any hole which occurs in a bone, i.e. any part of the bone cortex or internal cancellous structure 
which is missing. Defects occur for various reasons, for example they may also arise following a complex fracture: when 
the broken parts of a bone are reassembled there may be some pieces missing. Also, holes may be deliberately drilled to 
take samples for biopsy or for the fixation of fracture plates which may be later removed. One method for the 
replacement of the anterior cruciate ligament in the knee involves taking a piece of bone from the patella of the other 
knee, often leaving a square hole with sharp corners. In a previous study we showed that the impact energy of this patella 
was significantly reduced by the presence of the hole, and that the situation could be considerably improved by cutting a 
hole with round corners [24]. This is a good example of how a concept which is very obvious to the mechanical engineer 
can have immediate benefits in the field of medicine. 
 If the hole is considered to confer significant risk of failure, the surgeon may fill it using a bone graft material. Various 
types of materials are used, including the patient’s own bone (taken from some other site and ground into a powder) and 
various artificial materials. Over a period of time, the patient’s own natural healing processes will cause the hole to be 
filled with new, living bone, so the bone graft material is intended only as a temporary substitute, required to last for a few 
months at the most. Artificial bone graft materials are designed to provide a scaffold for the rapid ingrowth of bone, and 
recently there has been much interest in the use of tissue engineering techniques for the development of these materials. 
Scaffolds have been made from a wide variety of materials, including porous metals, ceramics and hydrogels. There is 
great interest in the use of resorbable materials which can gradually dissolve, aiding the development of new bone, but 
current versions of these materials are relatively weak, increasing the risk of fracture in the critical period just after surgery. 
A major problem is the lack of a predictive model to aid surgeons in deciding what to do about a given defect, whether to 
use a bone graft material and, if so, what the properties of that material should be. Such a predictive model, presented in 
the form of a computer simulation of the defective bone, could greatly aid in the planning of surgical operations. As an 
initial step towards developing such a tool, we carried out some simple simulations of the behaviour of bone defects. Fig 7 
shows the geometry used for the finite element model: the bone is envisaged as a simple tube, containing a defect: we 
modelled square and circular holes of various sizes. A complete description of the methodology and results can be found 
in a recent publication [25]. In brief, we used a damage mechanics approach to predict the increase of fatigue damage due 
to cyclic loading in normal daily activities. The TCD was incorporated by performing all the damage calculations at the 
critical point, i.e. a distance L/2 from the hole, rather than at the hot spot. The capacity of bone to repair itself was 
included in the model as a constant, negative damage rate, following earlier work [26]. The use of different bone graft 
materials was modelled by filling the hole with a material of given Young’s modulus, Eo. Bone ingrowth was included in 
the simulation by allowing the Young’s modulus of the graft material to gradually increase over time, from Eo to a value 
typical for normal cortical bone (17GPa). 
Fig. 7 shows an example of the results of the simulation. If repair and ingrowth are not modelled, damage increases 
rapidly. Incorporating ingrowth causes damage to level out to a plateau value, and the additional incorporation of repair 
allows the damage to return to normal levels after peaking. The value of the peak is of course the critical one: provided 
this is less than unity we predict that no failure will occur.As Fig.8 shows, there is a very strong effect arising from the 
value of Eo, the stiffness of the bone graft material. This occurs because the stress concentrating effect of the hole is 
greatly reduced, even when the material in the hole has much less stiffness than the surrounding bone. This analysis 
enabled us to make a specification for a safe value of Eo,as a function of hole size as shown in Fig.8. Obviously the result 
also depends on the shape of the hole, and on the assumed daily loading, i.e. the activity level of the person. These 
predictions show that small holes (in this case less than 5mm diameter) do not need to be filled in with graft material: this 
finding is in agreement with the current practice of surgeons who regard such small holes as innocuous. Larger holes do 
require filling, but here we predict that the material needed can have an Eo value which is considerably smaller than that of 
normal bone: this finding is original and potentially of great value to researchers and manufacturers who are developing 
new types of bone graft materials. 
 
This work is very preliminary in nature, but has the potential to be developed to a greater level of sophistication, for 
example incorporating the changing behaviour of resorbable materials and the effect of different postoperative activity 
levels, such as walking with the support of a crutch or cane or carrying out more strenuous exercise. 
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Figure 7: The geometry used to study defects of various shapes and sizes in a typical long bone – the focus path is  
the line on which TCD calculations are carried out. Typical predictions showing the effect on damage  
evolution of including ingrowth of bone into the defect, and bone repair processes. 
 
 
                                                        (a)                                                                   (b) 
Figure 8: (a) Variation of peak damage amount with Young’s modulus of the bone graft material; (b) Specification for  
the safe value of Eo (i.e. the value above which failure will not occur) as a function of hole size. 
 
 
CONCLUDING REMARKS 
 
his work has shown that the TCD can be used to study fracture and fatigue problems in bone. Classic problems 
which the TCD has been able to solve in other materials, such as notch-initiated fracture and fatigue and the short 
crack problem, have been successfully addressed in this material. Even though bone shows large variations in its 
mechanical properties, it seems that L remains approximately constant, of the order of 0.3-0.4mm, which is very 
convenient when making predictions. This value reflects the role of osteons and other microstructural features in 
impeding crack growth and thus controlling toughness and fatigue. Current work has been limited to cases where crack 
growth occurs across the bone, i.e. in the transverse direction: longitudinal crack growth requires separate study. We have 
also limited ourselves to cortical bone: the failure of spongy, cancellous bone is also of great interest and merits further 
attention. The TCD can be employed as part of a practical software tool to aid orthopaedic surgeons in the planning of 
operations and of post-operative treatments. 
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